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D-MODULES AND PROJECTIVE STACKS 


KARIM EL HALOUI AND DMITRIY RUMYNIN 


Abstract. We study twisted D-modules on weighted projective 
stacks. We determine for which values of the twist and the weight 
the global sections functor is an equivalence, thus, proving a version 
of Beilinson-Bernstein Localisation Theorem. 


A key observation in the proof of Kazhdan-Lusztig Conjecture by 
Beilinson and Bernstein is that the (generalised) flag varieties G/P are 
D-affine. This is known as Beilinson-Bernstein Localisation Theorem. 
So far these are the only known connected smooth projective D-affine 
varieties. In particular, Thomsen proves that a toric smooth projective 
D-affine variety must be a product of projective spaces [ 12 ]. On the 
other hand, Van den Bergh proves that weighted projective spaces are 
D-affine (they are singular) [T3] . 

The goal of this paper is to re-examine the D-affinity of weighted 
projective spaces. Instead of looking at them as singular varieties, we 
consider them as stacks. We give necessary and sufficient criteria for a 
weighted projective stack to be D-affine. Our method of proof is also 
different: Van den Bergh uses Hodges-Smith Criterion for D-affinity 
[8], while we do a direct calculation. 

In section 1 we make general observations about D-affinity on vari¬ 
eties. In section 2 we establish a technical framework for working with 
twisted D-moduIes on a smooth projective stack. In section 3 we use 
this framework to study D-moduIes on weighted projective stacks. 
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1. D-modules on varieties 

We work with a connected algebraic variety X over an algebraically 
closed field IK of characteristics zero in this section. Let Ox be its sheaf 
of functions, Vx its sheaf of differential operators, D{X) = Vx{X) its 
global sections. We consider the category of quasicoherent "Dx-iiiodules 
T>x- Qcoh and the category of modules over the globally defined differ¬ 
ential operators D{X)- Mod. They are connected by the global sections 
functor 

r : Px-Qcoh ^ D(X)-Mod. 

X is called D-affine if T is an equivalence. Affine varieties are D-affine 
but the converse statement is not true: the generalised flag variety G/P 
is a smooth projective D-affine variety |1]. In the light of this result, it 
is interesting to pose the following question. 

Question: Classify connected smooth projective D-affine varieties. 

It would be interesting to find other examples of such varieties besides 
G/P. Notice that any such example X must have zero Hodge numbers 
for m > 0 because Ox is a "Dx-Hiodule, hence, has no higher 
cohomology. A glimmering hope for settling this question is the result 
of Thomsen who classified smooth toric D-affine varieties [12] . Hereby 
we will explain that some other classes of varieties will not give new 
examples. 

Recall that a variety X is homogeneous if a connected algebraic (not 
necessarily linear) group G acts transitively on X. For a complete 
variety X it is equivalent to asking that the automorphism group of X 
acts transitively on X m. Such X is necessarily smooth. 

Theorem 1. Suppose X is a homogeneous complete D-affine variety. 
Then X is isomorphic to a generalised flag variety. 

Proof. By Borel-Remmert Theorem uni X is a product of a partial flag 
variety and an abelian variety A. It remains to notice that A is not 
D-affine because (9^) 7 ^ 0 by Serre’s duality, unless A is a 

point. This would imply that R‘^^"^^T{X,Ox) f 0 that is impossible 
because Ox is a Dx-module. Thus, A is a point and X is a generalised 
flag variety. □ 

If IK = C is the field of complex numbers, this result can be slightly 
improved. 

Theorem 2. Suppose X is a complex complete D-affine variety and the 
tangent sheaf Tx is generated by global sections. Then X is isomorphic 
to a generalised flag variety. 
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Proof. Since X is a complete algebraic variety, the global (algebraic) 
vector fields g = r(7x) form a finite dimensional Lie algebra [HI p. 95]. 
Let G be an analytic connected simply-connected Lie group with Lie 
algebra g. The group G locally acts on X by the second Lie Theorem [H 
p. 23]. Since X is compact, each element a G g defines a one-parameter 
group 7a(t) of (global) diffeomorphisms of X [H p. 20]. Choosing a 
real basis oi,... of g, we can extend the assignment 

ExpG(tiai) ■ Expc.(t2a2) • • • • Expc(4afc) ha 'yai{ti)'ja2{h) ■ • •7afe(4) 

to a global (real) analytic action of G on X [H p. 29]. 

Since Tx is generated by global sections, each point x E X lies in 
the interior of its orbit G ■ x. Hence each point belongs to an open set, 
entirely within this point’s orbit. By connectedness there is only one 
orbit, hence, X = G/H as analytic manifolds. 

By Borel-Remmert Theorem [U p. 101], there exists an abelian 
variety A such that X is an H-fibration over a generalised flag variety 
Y. If H is a point, we are done. If A is not a point, Oa) ^ 0 

by Serre’s duality. Thus, the derived push-forward R{X —)■ Y)^{Ox) 
has higher cohomology and so does Ox- This is a contradiction. □ 

Observe that Tx is not usually a Px-module. This would require a 
fiat connection on Tx which is quite rare. For instance, abelian varieties 
admit a fiat connection on Tx as well as any other variety with a trivial 
tangent sheaf. On the other hand, the only generalised flag variety with 
a fiat connection on 7x is a point. 

Corollary 3. If X is complex complete D-affine variety and Tx is a 
Vx -module, then X is the point. 

It would be interesting to extend Theorem [2] and Corollary [3] to 
varieties over an arbitrary algebraically closed field K. Our proof does 
not work because we use analytic methods. 

2. D-modules on smooth projective stacks 

The theory of D-modules on stacks is known [5] but it is significantly 
simpler on a quotient stack. Let X be a smooth algebraic variety with 
an action of an algebraic group G. D-modules on the quotient stack 
[X] = [X/G] can be understood in terms of G-equivariant D-modules 
on X. 

We can define a quasicoherent P[x]-module as a quasicoherent Vy- 
module M with a G-equivariant structure on the level of D-modules. 
Such a module is called a strongly equivariant D-module. A Dy-module 
M with an Gy-module G-equivariant structure is sometimes called 
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a weakly equivariant D-module. The Lie algebra g of G acts on M 
in two ways: via the differential of the action g —"Dy and via the 
differential of the equivariant structure. An equivalent condition for a 
weakly equivariant D-module M to be strong is that these two actions 
coincide. 

There are different notions of a projective stack, for instance, a stack 
whose coarse moduli space is a projective variety. Here we use a more 
restrictive notion: a projective stack is a smooth closed substack of 
a weighted projective stack [TT]. Let us spell it out. Let V = ©14 
be a positively graded n + 1-dimensional K-vector space. Naturally 
we treat it as a Gm-module with positive weights by A • 
where G 14. Let H be a smooth closed Gm-invariant subvariety of 
V \ {0}. We dehne a projective stack as the stack [X] = \Y/Gm\- The 
G.I.T.-quotient X = Yj/Gm is the coarse moduli space of [X]. 

Let us describe the category C>[x]^Qcoh of quasicoherent sheaves on 
[X]. Choose a homogeneous basis e* on V with e* e 14^, f = 0,1,..., n. 
Let Xj G V* be the dual basis. Then ]K[1/] = ]K[xo, ...,x„] possesses a 
natural grading with deg(xj) = d*. Let / be the dehning ideal of Y. 
Since Y is Gm-invariant, the ideal I and the ring 

A:= K[F] =K[xo,...,x„]/J 

are graded. Both X and [X] can be thought of as the projective spec¬ 
trum of A. The scheme X is naturally isomorphic to the scheme the¬ 
oretic Proj A. The stack [X] is the Artin-Zhang projective spectrum 
Proj^^A [3], i.e. its category of quasicoherent sheaves (P[x]-Qcoh is 
equivalent to the quotient category A- Grmod/A- Tors where A- Grmod 
is the category of Z-graded A-modules, A- Tors is its full subcategory 
of torsion modules. 

Recall that 


r(M) = {m G M \ 3N \/k > N A^m = 0} 

is the torsion submodule of M. M is said to be torsion if t{M) = M. 
It can be seen as well that the torsion submodule of M is the sum of 
all the hnite dimensional submodules of M since A is connected. 
Denote by 


tta : A-Grmod —)■ A-Grmod/A-Tors 

the quotient functor. Since A- Grmod has enough injectives and A- Tors 
is dense then there exists a section functor 

(Ua : A-Grmod/A-Tors —)■ A-Grmod 
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which is right adjoint to tta in the sense that 

EomA-Gvmod{N,UA{M)) = HoniA-Grmod/A-Tors(TA(A^), >!)• 

Recall that tta is exact, ua is left exact and hauja — -fdA-crmod/A-Tors- 
We call uatia{M) the A-saturation of M. We say that a module is 
A-saturated if it is isomorphic to the saturation of a module. It can 
be seen from the adjunction that an A-saturated module is torsion-free 
and is isomorphic to its own saturation. If M and N are A-saturated, 
then being isomorphic in A-Grmod/A-Tors is equivalent to being iso¬ 
morphic in A-Grmod. 

We need a description of the global sections functor on [X] in these 
terms: 

r: 0[xr Qcoh ^ vSk, r(M) = ua{M)o. 

In particular, if M is an A-saturated module then 

r(7rA(M)) = Mo. 

The sheaf 0[x]{k) is defined as 7rA(A[fc]) where A[k] is the shifted 
regular module and the grading is given by A[fc]m = Ak+m- 

In particular, r((9[x](fc)) = A^. if A[k] is A-saturated which is the 
case for polynomial rings of more than two variables [2]. A well-known 
example of a ring, not A-saturated (as an A-module), is the polyno¬ 
mial ring in one variable A = K[a:]. Its A-saturation is the Laurent 
polynomial ring K[a;, seen as an A-moduIe. Finally we will need 
the push-forward functor 

T* ; 0[x]- Qcoh -)■ Ox- Qcoh, 

given by associating a sheaf on X to a graded A-module. In general, it 
is not an equivalence. For instance, Oix]{k) is an invertible sheaf but 
Ox(i) — m(C>[x]( 1)) is not invertible, in general [B]. 

Let us now describe the (twisted) -modules. Let di = (9/cIxj, 
i = 0,1,..., n. The Weyl algebra D(y) = K(xo,..., x„, do,, dn) 
gets a grading from the Gm-action on V: deg(xj) = di, deg(clj) = —di. 
We define the reduced Weyl algebra as 

D := EndD(v){D{V)/ID{V)) = D{V))/1D(V) 

where 

IiID{V)) = {w G D{V) I wID{V) C ID{V)} 
is the idealiser of ID{y) in DiV). Notice that D is graded: I is graded, 
then IDiy) is graded, then l[ID{y)) is graded, and finally D is graded. 
Observe that A is a graded subalgebra of D since K[xj] C I[ID{V)). 
It is known that for w G D{V) [HI 15.5.9] 

w G ID{y) ■w(K[xj]) C I and w G I{ID{V)) ^ w(J) C J 
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where w acts naturally on polynomials in /. This dehnes an alge¬ 
bra embedding D EndK(A) whose image lies in D{Y), the ring of 
differential operators on A. 

Proposition 4. [9l 15.5.13] The map 0 : D — )■ D{Y) is an isomor¬ 
phism. 

The element di^^di belongs to the idealiser \{ID{y)). We call its 
image in D the Euler field 

E = J2di^idi + ID{V). 

i 

It belongs to Dq and dehnes the grading of D and its subalgebra A. 
Lemma 5. Let x G D. Then x G z/ and only if Ex — xE = fcx. 


Proof. It suffices to check it on the generators: 

Exj = dj^iLjdj^Ki = XjE -|- djXj. 

j 


Similarly, 


Edi = diE - didi. 


□ 


The Euler held can be used to dehne gradings on D-modules. 

Lemma 6. Let M he a H-module. The span M' of all eigenvectors of 
the Euler field E is a K-graded 'D-submodule of M. 

Proof. Let m G the A-eigenspace of E. Using Lemma |5l 

Exjm = XjEm -I- di^m = (A -|- di):s.im, 


so 

Similarly, 

and 


Xim G 


Edim = diEm — didim = (A — di)dim 


dim G 


□ 


Let us hx A G K. In general. 


M>M' = := 

A D-module M is called X-Euler if M = A A-Euler D-module 

M admits a canonical Z-grading given by The category 

of X-Euler I])-modules D-Grmod''' is a full subcategory of the category 
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of graded D-modules D-Grmod. The full subcategory of the torsion 
(as A-modules) modules is denoted D-Tors^. Notice as well that the 
torsion submodule of a graded D-module is a graded D-module and 
that if, moreover, it is A-Euler, then the torsion submodule is A-Euler 
too. 

D-Grmod''' is a locally small category. D-Tors^ is a Serre subcate¬ 
gory of D- Grmod^ which is closed under taking arbitrary direct sums. 
Therefore, D-Tors^ is a localising subcategory of D-Grmod^ [7] and 
the quotient functor 

tTd : D-Grmod^ D-Grmod^/D-Tors^ 
is exact and has a right adjoint section functor 

cUp : D-Grmod^/D-Tors^ D-Grmod^. 

It follows that we have 

^ YLomo 

- Grmod^/D“ Tors^ (7r^(iV),M). 

Theorem 7. The category Qcoh of quasicoherent D-modules on 
the stack [X] is equivalent to the quotient cafeg'ory D-Grmod°/D-Tors'^. 

Proof. The category of D-modules on Y is just the category of D(Y)- 
modules since Y is affine. The category of weakly Gm-equivariant D- 
modules on Y is iA(y)-Grmod. The two actions of the Lie algebra of 
the multiplicative group are given by the Euler element E and by 
the grading. Thus, the category of strongly Gm-equivariant D-modules 
on Y is the category of 0-Euler D-modules iA(y)-Grmod'’. 

By dehnition, the category "Djxj-Qcoh is the category of strongly 
Gm-equivariant D-modules on Y. Thus, taking sections on the open 
set Y induces an exact functor 

r(y,_ ) : "Djxi-Qcoh —)■ D(F)-Grmod 

where D{Y) is the ring of global differential operators on Y. Propo¬ 
sition m makes the global sections r(y, A^) into a graded D-module 
via the restriction map D = D(Y) —)■ D{Y). This module is 0-Euler, 
because M. is strongly equivariant. Thus, we obtain exact functors 

TCP, _ ) : "Djxj-Qcoh —)■ D-Grmod° and 

TTp o r(y, _ ) : D[x]-Qcoh D-Grmod°/D-Tors°. 

Let us examine the sheahhcation functor D-Grmod° —)■ "Dixj^Qcoh. 
The sheahhcation of an object in D-Tors° is supported at 0. Hence 
objects in D-Tors° give the zero sheaf on P. So it induces a functor 
on the quotient 


: D-Grmod°/D-Tors° —)■ D[x]-Qcoh 
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which is quasiinverse to vr^ o r(y, _ ). □ 

An inquisitive reader may observe that we have defined the category 
P[x]-Qcoh without defining the object 'P[x]- Later on we remedy this 
partially by constructing an object D^x] A G K so that P[x] = 

7rp(iA°^]). Let us define the category Dj^pQcoh of twisted D-modules 

on [X] as the quotient D-Grmod^/D-Tors'*'. It is possible to define 
the category internally and then prove a version of Theorem [7] but we 
see no value in doing it here. 

Given a module M in D- Grmod^, we call uj^7r^{M) the -saturation 
of M. We say that a module is -saturated is it is isomorphic to the 
D^-saturation of a module. It can be seen from the adjunction that a 
D^-saturated module is torsion-free and is isomorphic to its own satu¬ 
ration. 

We shall prove now that an A-saturated A-Euler D-module is auto¬ 
matically D^-saturated. This will make our forthcoming calculations 
easier. 

Lemma 8. Let M he a X-Euler 3-module. Then the 3^-saturation of 
M is an A-submodule of its A-saturation. 

Proof. We have a map 

in D-Grmod^ [2]. The kernel and cokernel of this map are torsion 
which implies that 

7rA(a;D7re(M)) = 7rA(M). 

From adjunction, this isomorphism is the image of a map in A-Grmod, 

0 : a;p7r^(M) -)■ ua71a{M). 

We claim that this map is injective. Since 7^a{4>) is an isomorphism then 
Ker0 is a torsion A-module. Gonsider ]D)Ker0 (which contains Ker0), 
it is a left D-submodule of Ci;^7rp(M). Take m G Ker0 then there exists 
an integer N such that 

A^x^ = 0 . 

For any d G D of order k we have 

A^x+k{dm) ^ DA^Arm = 0. 

It follows that it is a torsion submodule of but is 

torsion-free. Hence Kercf = 0 □ 

An immediate corollary is the following: 

Corollary 9. Any A-saturated X-Euler 3-module is 3^-saturated. 
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Let US give examples of objects in Pj^pQcoh. The sheaf 0[x]{k) is 
an object in DppQcoh. We introduce 

Dfp := ro/D(E- A). 

Another interesting object in DppQcoh is 

'^[X] 

It plays the role of the sheaf of twisted differential operators, although 
D^x] algebra because D(E — A) is not a two-sided ideal, in 

general. However, E is a central element of ©O) so 

^[ x]q — ®o/Do(E — A) 

is an algebra. It plays the role of the algebra of global sections of the 
twisted differential operators on [X]. iApj is a D — Zi)pj^-bimodule. 

In the next section the adjoint functors of global sections and local¬ 
isation will play a role. This adjoint pair (rA,TA) is dehned as: 


V, 




Qcoh ^ D^ppMod, rA(Af) := a;D(-^)o = 


: -Dpig Mod —)■ PppQcoh, Lx{N) ^)- 

The ways we dehned our global sections functors for Qcoh and 
Op]-Qcoh are not necessarily equivalent. Yet we know that 

rA(7r^(M)) ^ r(7rA(M)) 


as A-modules for any A-Euler ©-module M. 

The exposition would be greatly simplihed if restricting the section 
functor oja to Y>pp Qcoh were equivalent to ojp. This explains why we 
have different global sections functor for different A although geomet¬ 
rically only one is needed. However, to ensure that we obtain A-Euler 
©-modules and not just A-modules we use 


3. D-modules on weighted projective space 

In this section we consider Y = V \ {0}, the punctured vector space 
of dimension at least 2 and [X] = [Y/Gm] = [IP(E)], the weighted 
projective stack. In this case / = {0}, A = ]K[xo,... ,x„] where the 
degree of x* is d* > 0 and D = ]K(xo,..., x„, do,, dn) is the Weyl 
algebra. Without loss of generality, we assume that 0 < do < di < 

... Y dj^. 

Let us look at the ©-module A generated by the delta-function at 
zero 5 = do(xo, • • • ,x„) 

A = ©d = ©/(Dxq -|- Dxi Dx„). 



D-MODULES AND PROJECTIVE STACKS 


10 


The linear map 

K[do ,..., 9n] A, f{do, . . . , 9n) HA f{do, ...,dn)-6 

is an isomorphism of vector spaces. If we identify K[cIo, ■ ■ ■, dn] with 
A using this linear map, then di acts by multiplication and Xj acts by 
derivation dj i—)■ —6ij. In particular, 

E ■ h = E ■ 1 = dj^j ■ dj = —dj = dj)6. 

j 3 3 

Hence, A is fc-Euler for each integer k. Its canonical fc-EuIer grading 
is given by 

^ ^ = A_k-Y:jdj, di - 5 e A_k_d^-j2j dj ■ 

Let J = (xq, ..., x„) < A. If M is a D-moduIe, r(M) = {m G M \ 
3k J^m = 0} is its torsion D-submodule (a reader can easily verify 
that if = 0, then J^^^dim = 0). The torsion D-modules are 
those, supported set theoretically on the zero 0 E V. By Kashiwara’s 
theorem, any D-module supported at 0 is a direct sum of copies of A. 

Let us introduce some notations. Suppose that M and N are two 
Z-graded A-modules. We say that an A-module homomorphism / : 
M ^ N has degree I if f{Mi) C for all i. Denote by Hom(M, N)i 
the set of all degree I A-module homomorphisms and write 

Horn A M, A) = 0 Hom(M, N)i. 

Now let Ext'^(M, N)i be the derived functor of Hom(M, N)i and write 
^i(M, A) = 0 ExtAM, N)i. 

lEL 

Artin and Zhang prove [2] that for any graded A-module M, 

= li^ IIpm^(A/A^fc,M), 

= li^ Ext_l('A/A>t., M) 

and that there exists a long exact sequence of A-modules 

0 —}■ —y M —y —y —y 0 

where t^{M) and R^t^{M) are torsion modules. This implies the fol¬ 
lowing proposition. 

Proposition 10. A X-Euler 3-module M is -saturated if it is torsion- 

free and h^ Ext ^fA/A^j., M) = 0. 

The next lemma will prove primordial in the proof that r;,LA = 
Idjjx _Mod for ciny A and n A 2. 
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Lemma 11. For n ^ 2, is -saturated. 

Proof. Recall that = ©/D(E — A). It is easier to compute Ext 
groups by taking a projective resolution of the left argument than an 
injective one of the right argument. Since A/A^i = K, the hrst three 
terms of the Koszul resolution are given by 

n 

■ ■■ A(—hjg — A(—hj) —)■ A —)■ A/A^i 0. 

io<ii i=0 

Take away A/A^i and apply Homj^(_, to the above exact se¬ 

quence to get 

n 

0 ^[x] ^ ^ ^ D[x]{dio + d-ii) ■■■ 

i=0 io<ii 


where 

and 

It follows that 


01 : m H- (xjm)jLo 

02 : {fni)7=o i^io^h - ^hmio)io<ii- 


Hom^ (A/A>i, = Ker(0i), 


Ext^(A/A^i, D[x]) — 


Ker(02) 
lm( 0 i) ■ 


The claim is that both Hom ^ fA/A>i, and Ext} (A/A>i, T)jV| j 
vanish. 

Let us hrst compute Hom ^ (A/A>i, fAjV]). Pick m G Ker(0i), then 
for all i we have Xjm = 0 where 


m = m + D(E — A). 

We can assnme m to be homogeneous, so 

Xjm =pi{E- A) 

for some homogeneous pi G D. We want to show that pi G XjD. Snp- 
pose, for a contradiction, that it is not. Then we can write 

Pi = Xitn' -I- -I- LT 

where m' G D, f G ]K[xo, ..., x„] is the highest term, free of x*, 0 
the biggest power and LT are the lower terms using DegLex for the 
ordering of the monomials in d. Withont loss of generality we can 
assnme i 7 ^ 0. It follows that 

Xifn = doixod^'^— LT 
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since f(9^xo(9o = fxo(9^+^ + LT. But fxo is not divisible by Xj and we 
obtain a contradiction. Thus, 

Honi^ (A/A>i,T>[^y]) = 0. 

Similarly, let us show that Exti (A/A>i, vanishes. To proceed, 
choose (jni)i^Q G Ker( 02 )- Then for all i,j there exists a 9ij G © such 
that 

:x.imj = Xj-TTij + %(E — A). 

Write 

rrij = Xj-m' + f(9^ + LT 

where m' G ©, f G ]K[xo,..., x„] is the highest term, free of Xj, {3 is 
the highest power and LT are the lower terms using DegLex for the 
ordering of the monomials in d. Let us, suppose for the sake of a 
contradiction, that |/9| ^ 0. Then without loss of generality, we can 
assume that [3 is the lowest among all the possible representatives of 
rfij. Write 

% = g91(E - A) + LT 

where g G ]K[xo,..., x„] is the highest term, free of x^. This implies 
that 

XjXjm'- + Xjf(9- + LT = y^jUii + g(9-(E — A) + LT. 

Again without loss of generality, suppose that i,j ^ 0. By comparing 
the highest terms, free of xj, we get 

= dogxo<9I+^ 

with I 7 I = 1/91 — 1. Therefore, 

= do—= —(9^(E - A) + LT. 

Xj Xj 

So nij — is another representative oirrij which has an index 7 lower 
than /9, contrary to our hypothesis. Thus, 

TTlj = Xj-m'. 

For all i,j we now have 

+ 6*jj(E — A) 

which is equivalent to 

XiXj(m'. -m[) = %(E - A). 

By using the previous argument twice, for all i,j, we have 

m'j — m• G ]D)(E — A). 
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Write 


m' := m'- = m' 

J ^ 

for the residues of m'- and m'. Then for all 


rrii = i^im'. 


Hence, 

^i(A/A^i,T>fx]) = 0 . 

To hnish our proof, for each k we have a short exact sequence of 
A-modules: 

0 —>■ A/Aj.fc_|_i A/A^k —>■ 0. 

Now by applying HoniA f ,-D^y]^ short exact sequence and by 

induction on k, we conclude that for all k: 

Homi (A/A>A^,T>jV]) = 0, 

Ext ^ (A/A>^, -Pjyj) = 0. 

Taking direct limit [2] it follows that 

rA(-D[^]) = 0, and lir^ Eirt^(A/A^fc,-D^j) = 0. 

Hence is D^-saturated by Proposition [101 □ 

The condition on n in the last proof is necessary. We can prove that 
D^x] A not D^-saturated for all A when n = 1 . For this, it suffices to 
notice that for A = 0, 

{-didi,dodo) e Ker(02) 


but 


since doXodo 


(-didi,dodo) i lm(0i) 

—dixic^i + E. 


Lemma 12. Let n ^ 2. IfT\ is exact then TxL\ = Id^x _Mod 

Proof. Let be a ^-module. Take the hrst two terms of a free 
resolution of N 

Pi -)■ Po -t iV -t 0 

where Pj = 0 A index set. Since both D^x] ®d\ _ 

and TT^ are right exact functors, it follows that 


rALA(Pi) ^ rALA(Po) ^ rALA(iv) ^ o 
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is exact. We can compute the first two terms explicitly: 

^xLx{Pi) = Pi))o 

j&h 

— -DiA]o))o 

— -O^]))o 

j&h 

since the tensor product commutes with arbitrary direct sums and that 
D^x\ ®D^x] ^l^]o ~ ^l^]' category D-Grmod^ is locally noether- 

ian. By a result of Gabriel, the section functor commutes with 
inductive limits and, in particular, with arbitrary direct sums 0 P- 
379]. Moreover, is left adjoint to Wd, so tt^ commutes as well with 
arbitrary direct sums. This yields the following sequence of natural 
isomorphims: 

r,Lj(Pi) = (u,>i(0Dfv|))o 

jeh 

j&h 

- (0^m)o 

j&h 

= ©^[Alo 

j^h 

~ p 

— i 


since D^x] ©'’^-saturated and that (_)o commutes with arbitrary di¬ 
rect sums. Thus, we constructed a commutative diagram with exact 
rows: 


Pi--Po- ^TxLxiN) 


Pi 




0 

0 


where a and (3 are isomorphisms, so TxLxiN) = iV is a natural iso¬ 
morphism by the four lemma. □ 


Theorem 13. Let A be the X>Q-span of all di-s. //A G ]K\ (— 'Yhidi — 
A), then the global sections functor T^ : Pj^pQcoh —)■ PpjpMod 
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is exact. In this case, Fa defines an equivalence between the quotient 
category Pj^pQcoh/KerFA and DpjpMod. 

Proof. The category Dpj-Qcoh is the quotient category of the category 
of A-Euler modules by the category of torsion modules. The canonical 
grading on a A-Euler module M is given by The torsion 

modules are direct sums of A. The global sections fnnctor Ta is 

Fa : eA a;p(Al)o = 

We know that is a left exact fnnctor. Taking A-eigenspaces is 
an exact fnnctor, so we are left to prove that Fa is right exact. An 
epimorphism / : Ad —)■ A/” induces the exact sequence 

^ coker(ci;^(/)) —)■ 0 

where coker(a;n(/)) is a torsion D- module. Taking the zeroeth graded 
part, we get the exact seqnence 

rA(Ad) —)■ Fa(A/”) coker(a;n(/))o 0. 

Onr restriction on A provides that coker(a;p(/))o = 0. Indeed, if 
A ^ Z, then coker(a;^(/)) = 0. If A G Z, then coker(a;^(/)) = ©A 
and coker(a;^(/))o = ®A^. Since the E-weights of A are — di — A, 
coker(a;p(/))o = 0. Hence Fa is exact. 

The kernel KerFA is the fnll snbcategory of PppQcoh whose objects 
are those Ad without non-trivial global sections, i.e., with Fa (Ad) = 0. 
Since Fa is exact, it is a Serre subcategory, and Fa descends to a fnnctor 

Ta : T>p]^Qcoh/KerFA -> DpjpMod. 

and let 

Q : PppQcoh —)■ Dpp Qcoh/KerFA 

be the qnotient fnnctor. We claim that QL\ is a qnasiinverse of Fa. 
Now in one direction, 

rA(gLA)(A) = (fAg)LA(A) 

= rATA(A) 

= N 


since Fa is exact. Thus, 

FAg^A = IdjjX -Mod- 

In the opposite direction, we have a natural transformation 
g^AFA —)■ Idjy\^_q^^^Yi/'KerTx- 
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Take an object M in Qcoh/KerTA. Then there exists an object 
M in PppQcoh such that A4 = Q(M). Hence, 

QL^rx(M) = QLxr^(M) 

On a level of a A-Euler module M (with its canonical grading), the 
natural map 

^[x] Mo —)■ M 

■- [^lo 

gives rise to the long exact sequence 

0 —y K —}■ -Dfxi ®^0 —t M — }■ N — y 0 

where K is its kernel and N is its cokernel. Since vTp is exact, 

0 -)■ TI^{K) -)■ 71o{D^X] ^d(^) ^b(^) 0 

is a long exact sequence as well. If M = applying Ta yields 

0 —rA7r^(i^) —>■ Ci;d(-^)o —t Ci;p(A^)o —)■ rA7r^(A^) —)■ 0 

since rA7r^(iv^(A^)) = a;^(Ml)o and TaTa = Idj^x _Mod when Ta is 

l^Jo 

exact. The middle map 

is the identity map and hence an isomorphism. It follows that 7r^{K) 
and 7r^(A^) are objects in Ker(rA). Therefore, 

is an isomorphism in PppQcoh/KerTA and 

QLArA(.M) ^ g7r^(a;^(Af)) 

= Q{M) 

^ M. 

It follows that QTaTa = /r^A^j-gcoh/KerP;,- n 

It remains to compute the kernel of Ta. It can be non-zero. If 
fc G Z, then 0[x]{k) = 7rn(A[fc]) is a non-zero D'^-saturated (since it is 
A-saturated 0 ) object of PppQcoh because 1 G Aq = A[A;]_fc and 

E - 1 = 0 = {-k + k)l. 

The global sections 


rfc(Op](A;))=A[-fc]o = Afc 
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are non-zero if and only ii k & A. Thus, if fc G Z \ ^, then is 

a non-zero object of KerTfc. 

Now let us assume that the greatest common divisor d of do) •••) is 
greater than 1. It easily follows that 

Di = D 2 = ... = ©d-i = 0. 


Let M be the K-vector space with a basis of all formal monomials 
Xq° ... x“", Oj G K. It is a D-moduIe under the following operations, 
dehned on the monomials by 


-yr 

-^0 • • • 


a ■ xi 


ao 


. . . X^ 


_ 

— -^n 


^l+ai Qi+l 

H -^i +1 


= a,x“°...x-'+“» 


b +1 


... X 


n * 


Given A G K, we consider the ro-submodule N = Dxg^ Since 

E ■ = doxoa ■ = (A - 

the module N is A-Euler and G = N_i in the canonical 

A-Euler grading. Put M = 7 rp(iV). By definition of iV, that it is 
torsion-free. So the long exact sequence [2] 

0 rD(iV) —>■ —>■ a;p7r^(iV) —)■ R^t^{N) —>■ 0 


reduces to the short exact sequence 

0 —?• ^ Ci;07r^(A^) —?■ d?^rD(A^) —t 0. 

But i?^re(A^) is a torsion ©-module, hence it is a direct sum of copies 
of A. The E- weights of N are congruent to —1 modulo d and the E- 
weights of the module A are congruent to 0 modulo d. It follows that 
the short exact sequence splits and 

uj^'Kn{N) = N®R^MN). 

Since is torsion free, ci;^ 7 rp(A) = N and R^t^{N) = 0. This 

means that N is ©^-saturated and 


Tx{M) = Ao = 0 . 

Hence, AA is a non-zero object in KerT^. In all the other cases the 
kernel is trivial. 


Theorem 14. Let us assume that the greatest common dmsor gcdj(dj) 
is equal to 1. // A G (IK \ Z) U Al, then KerTA is a zero category. 

Proof. Let m be the least common multiple of do,..., d^. Suppose that 
Ad is a non-zero object in Rfx] ~ Qcoh. Then M := a;p(Al) is a non¬ 
zero A-Euler torsion-free ©-module. We need to show that Mq 7 ^ 0. 
Let us suppose that the contrary is true, i.e., Mq = 0. We proceed to 
arrive at a contradiction via a sequence of claims. 
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Claim 1. M-rnt = 0 for any t E Z>o. 

Proof of Claim-. If a G M_mt, then x™*^*^* ■ a = 0 for alH = 0,..., n 
since it is an element of Mq. Hence, a generates a torsion D-submodule 
of M but M is torsion-free. Hence a = 0. □ 

Claim 2. M_rnt+kdi = 0 for all i and 0 ^ k ^ In particular, 
M-kdi = 0 for all k ^ 0. 

Proof of Claim-. We proceed by induction. The case /c = 0 is Claim 1. 
Assume that this is true for k, and let us prove it for k + 1. If —mt + 
{k + 1) di = 0, then we are done. Otherwise, let us pick a non-zero 
element a E M_mt+{k+i)di- It follows that 

di • a E M 

which is zero by induction. Moreover, yp^P■+d+mt/d.^ _ ^ ^ which is 
zero again. Since 

f) -{k+l)+mt/di 

we conclude that ik+‘ 2 )+mt/d ,. ^ repeat this argument to 

conclude that -a = 0 for all positive I with ^ — {k + l)>0. 

In particular, a = x° ■ a = 0. □ 

Claim 3. If Co, ...,Cfc are positive integers and g is their greatest com¬ 
mon divisor, then there exist integers tq ^ 0 , and ri,... ,rk ^ 0 such 
that roco -h ... + = g. 

Proof of Claim-. Let I be the least common multiple of Cq, ..., c^. By the 
Euclidean algorithm there exist integers Sq, ... ,Sk such that 

SqCo -|- . . . + S/cC/c = 1. 

Now we can add —-^cq -|- —c* = 0 for various i to this relations to get 

CQ Cj 

integers tq, ...,rfc such that 

roCo ... -h rfcCfc = 1 

and ri,..., Tfc ^ 0. Inevitably, ro ^ 0. □ 

Claim 4. Por all integer bo,... ,bi ^ 0, M_(^b^do+...+bidi) = 0. 

Proof of Claim-. We proceed by induction on 1. The base case / = 0 is 
Claim 2. Assume this is true for / — 1. In particular, it is true if 6* = 0 
for some i. 

Let gi = gcd (do, ■ ■ ■ ,di) and £x a positive integer k. Consider a non¬ 
zero element a E M^tgr There exist positive integers cq, ci,..., c; such 
that 

. a = ■ a = ... = ■ a = 0. 


-{k + 1) 


— {k-\-2)-\-mt/di 
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Indeed, by Claim 3, there exist r* ^ 0 and tq, ..., rj_i, rj+i,... ^ 0 

such that 

rodo + • • • + ndi = gi 
Now if Ci = —kvi ^ 0, then 

■ a G M_f.^d^-kgl — ^-k{rodo+...+ri-idi-i+ri+-i^di+x+...+ridi) — 0, 
by induction. Let us consider the Weyl algebra 
D = ]K(xo,... ,xz,ao,.. .,di) 

and its polynomial subalgebra A = IK [c^o, • • •, The A-module Da 
is supported at zero, hence, it must be a direct sum of copies of A = 
Dd(clo,..., 5;) = IK [xo,..., X;]. It follows that 

Xq° ...xj** • a 7 ^ 0 for all Bq, ... ,bi ^ 0. 

We want to determine for which A;, we can hnd bo, ■ ■ ■ ,bi ^ 0 such that 
Xq° ... xj'* ■ a G Mo = 0. We get a contradiction and hence M^kgi = 0 
for such k. The condition is that 


bodo + ... + bidi — kgi, 

i.e. kgi G + ... + n 

In particular, it is true for I = n, i.e., M_fc = 0 for all k E A. Now let 
us hnish the proof of the theorem. By Schur’s Theorem there exist^ 
K ^ 0 such that k E A for all k > K, in particular, M_k = 0 for all 
k > K. Thus, M is supported at zero as a IK [cIq, • • • cln]-iiiodule. By 
Kashiwara’s Theorem M is a direct sum of copies of A = IK [xg,... x,^]. 
If A G IK \ Z then A is not A-Euler. Thus, M = 0. Finally, if A G Z 
then A is A-Euler. Moreover, as a graded module M is a direct sum 
of copies of A[A]. Observe that A[A]g = Aa 7 ^ 0 if and only if A G M. 
Thus, if A G M, then M = 0 as well. □ 

Together with Theorem [13] this gives the following corollary. 

Corollary 15. Let us suppose that A G (K\Z)UAl and gcd (dg,..., d„) = 
1. Then Ta : P^pQcoh —)■ iApj^-Mod is an equivalence of categories. 

A similar functor for varieties 

T';,^ : Qcoh -E- D[x]o^ Mod 


^ The smallest such K is called the Frobenius number. It is a NP-hard problem 
to find such K. There is no known closed formula that gives K as a function of 
do ,..., dn for n ^ 2. 
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is studied by Van den Bergh PI- It is instructive to compare it with 
the push-forward functor 

TT* : Qcoh — Vx- Qcoh. 

The functors r';^7r* and T^ are naturally equivalent, so we can conclude 
the hnal corollary. 

Corollary 16. Let us suppose that A G IK \ Z U .4, and gcd^^j (di) = 1 
for every j (the well-formedness condition). Then the push-forward 
functor TT* : Pj^pQcoh —'D;^-Qcoh is an equivalence of categories. 
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